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1 Introduction 
THE INTERACTION of externally applied electric fields with 
living organisms has become an important subject, and 
there have been reports describing effects in animals 
(MARINO et al., 1977), clinical applications (BASSETT et al., 
1982), and possible public-health implications (BECKER and 
MARINO, 1982). The fields can act only if physically present 
in or on tissue, and knowledge of their magnitude and 
distribution must be correlated with observed physiologi-
cal responses before a deeper understanding of the interac-
tion process itself can emerge. The structural complexity of 
even the simplest living systems, however, has prevented 
direct measurement of field distributions in tissue in most 
reported experiments. 

Mathematical modelling of the interaction process is an 
alternative approach to the study of electric-field penetrat-
ion into tissue (HART and MARINO, 1976; MARCHESI and 
PARODI, 1982). In modelling, both the geometry and struc-
tural organisation of actual tissue must be significantly 
simplified to permit a practical calculation. The absence of 
clearly established tissue electrical properties is another 
limitation on the modelling approach. Nevertheless, mod-
elling is the best method presently available for relating the 
actual tissue fields produced in the various biological 
studies. 

In this paper we present an exact calculation based on a 
mathematical model comprising a sphere of tissue sur-
rounded by a concentric shell of a second tissue. The con-
centric structure, and a third medium in which it is 
embedded, can have arbitrary relative permittivities and 
conductivities. The calculation yields the steady-state elec-
tric field in each tissue following application of an electric 
field of arbitrary magnitude and frequency in the outer 
medium. The general behaviour of the result is described, 
and we show how it can be applied to specific studies 
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including human and animal studies, effects on tissues and 
cellular effects. A preliminary description of some of this 
work has already been given (MARINO et al., 1980). 
 
2 Mathematical model 

Consider a sphere of radius a surrounded by a shell of 
radius b, embedded in a third medium (Fig. 1). Assume that 
the electric field in each region is: 

! 

E1 = " E 1 cos#t + " " E 1 sin#t

E2 = " E 2 cos#t + " " E 2 sin#t

E3 = " E 3 cos#t + " " E 3 sin#t

 

Far from the sphere 

! 

E1 " ( # E 0 cos$t + # # E 0 sin$t)lz , where 1z 
is the unit vector along the z-axis. 

The potential in the three regions can be written as 
follows:  

 
where Pn(cos θ) are the Legendre polynomials. 
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The eight sets of constants must be evaluated by use of 
the boundary conditions. It can be shown that the con- 
stants are identically zero for all values of n except n = 1. 
This fact significantly simplifies equations for the con-
stants. At r = b, V1 = V2, and at r = a, V2 = V3. Imposing 
these conditions results in the following four relationships: 

 
At each interface, the normal component of the total  
current density must be continuous. Jr = gEr + ε∂Er/∂t 
where Er = –∂V/∂r and gi and εi are the conductivity and 
permittivity of medium i. 

This requirement yields four additional relationships: 

 
Solving the eight equations in eight unknowns yields the 

following results: 

 

3 Application of model 
 
3.1 General behaviour 

The relationship between tissue characteristics and the 
resulting fields can be seen by considering an object  
exposed to an extremely low frequency (ELF) field in air.  
In this case, g1 = 0, and only the changes in the conduc- 
tivities of the two layers are significant. Figs. 2 and 3 illus-
trate the peak fields in the inner core (left side) and outer  
shell for two widely different values of a/b. The inner-core 
field is uniform, and the outer shell field may vary with 
position for a≪b (Fig. 2). For the even numbered curves  
the conductivity of the core is much greater than that of  
the shell and the field in the shell increases close to the  
core. A similar situation occurs when a conducting sphere  
is placed in air. In this case, the field lines converge near  
the sphere, and the field in the air near the sphere 
 

 
Fig. 2 Normalised electric field (the electric field in the tissue 

divided by the applied electric field) for tissue exposed in 
air: a = 1 and b = 10 

 

 
Fig. 3 Normalised electric field for tissue exposed in air: a = 9.9 
 and b = 10 
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increases. For the odd numbered curves, the conductivity 
of the core is much less than that of the shell. This corre-
sponds to an insulating sphere embedded in a conductor. 
The field lines diverge near the insulator, and the field in 
the conductor is therefore weaker in the vicinity of the 
insulator. 
By comparing Figs. 2 and 3, it can be seen that a thicker 

outer shell provides electrical shielding for the core. This 
phenomenon is shown more clearly in Fig. 4 in which the 
inner-shell field is plotted against the fractional outer-shell 
 
 

 
Fig. 4 Normalised electric field in inner core as a function of 
 fractional shell thickness 

 

thickness f = 1 – a/b. As a → 0 (the outer shell gets 
thicker) the field in the core decreases for the cases in 
which the conductivity of the shell exceeds that of the core. 
Thus a conducting shell will reduce but not eliminate the 
field in a poorly conducting core. The opposite dependence 
of the field on f occurs when the core is surrounded by an 
insulating layer (curves 2, 4, and 6). 

 
3.2 Specific applications 

We have applied the model to a related series of studies 
involving physiological changes in the central nervous 
system (HANSSON, 1981; HAMER, 1968; BAWIN and ADEY, 
1976), and to a report involving effects on amoebas 
(FRIEND and FINCH, 1975). Hansson found histopathologi-
cal changes in rabbit brain following chronic exposure to 
60 Hz electric fields at 14 000Vm–1. Assuming the values 
for relative permittivity and conductivity shown in Table 1 
(ROBILLARD and POUSSART, 1977; LAKES et al., 1977) the 
electric field is found to be 1·8 x 10–2 Vm–1 and  
1·3 x 10–3 Vm–1 in the bone and brain tissue, respec- 
tively. The field in the brain tissue was almost five orders 
of magnitude greater than that present in human brain  
upon brief application of an electric field of 4 Vm–1, 7 Hz 
which altered human reaction time (HAMER, 1968) (see 
Table 2). In vitro studies involving exposure of isolated 
brain tissue exposed for 20 min to 56 Vm–1, 32 Hz appar-
ently have resulted in altered calcium exchange between 
 

Table 1  Sets of assumed tissue constants used to illustrate general behaviour of the solution. The set numbers correspond to the similarly 
labelled curves in Figs. 2-4 

 Outer shell  Inner core 
Set number Relative permittivity Conductivity, S m–1  Relative permittivity Conductivity, S m–1 

1 80 1  7 x 105 0·01 
2 7x105 0·01  80 1 
3 80 1  8 x 106 0·2 
4 8 x 106 0·2  80 1 
5 8 x 106 0·2  7 x 105 0·01 
6 7 x 105 0·01  8 x 106 0·2 

 
Table 2 Calculated tissue electric fields associated with various reported biological effects  
Experimental system Rabbit brain Human brain Brain tissue Amoeba 
Applied electric field, 
 V m–1 

14 000 
(in air) 

4 
(in air) 

56 
(in air) 

2500 
(in solution) 

Frequency 60 Hz 7Hz 32 5 MHz 
Reference HANSSON, 1981 HAMER, 1968 BAWIN and ADEY, 1976 FRIEND and FINCH, 1975 
Application of model brain tissue 

surrounded 
by bone 

brain tissue 
surrounded 

by bone 

brain tissue cell cytoplasm 
surrounded by 
cell membrane 

Outer medium air air aqueous solution aqueous solution 
Core radius, mm 5 75 2·5 0·5 
Shell thickness, mm 3 4  6 x 10–6 
Relative permittivity 1 (air) 1 ( air) 81 (external medium) 81 (external medium) 
 l04–106 (bone) 104–106 (bone)   
 l05–107 (brain) l05–107 (brain) l05–107 (brain) 2·5–25 (cell membrane) 
    81 (cytoplasm) 
Conductivity, S m-1 0 (air) 0 (air) 1 (external medium) 1 (external medium) 
 10–2 (bone) 10–2 (bone)   
 0·2 (brain) 0·1 (brain) 0·2 (brain) 106–1010 
    (cell membrane) 
    1 (cytoplasm) 
Electric field, Vm-1 1·8 x 10–2 (bone) 3·5 x 10–7 (bone)  0·5 x 106 
 1·3 x 10–3 (brain) 5·1 x 10–8 (brain) 4·3 x l0-7 (brain) (cell membrane) 
    2·5 x 103 
    (cytoplasm) 
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the brain tissue and its aqueous environment (BAWIN and 
ADEY, 1976). The calculated value of the electric field in the 
brain tissue in these experiments is given in Table 1. Thus 
chronic exposure to an electric field that produced a brain-
tissue field of 1·3 x 10–3 V m–1 resulted in morphological 
changes, but brief exposures that produced a brain-tissue  
field of 5·1 x 10–8 V m–1 yielded only a less severe func- 
tional change. 

Application of electric fields to amoebas produced a 
variety of morphological changes following relatively brief 
exposures (FRIEND and FINCH, 1975). Application of the 
model clearly demonstrates that large electric fields were 
present in the cytoplasm as well as the cell membrane. 
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